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THEORFTICAL METHOD FOR DERIVING AN EARTH-CENTERFD DATUM 

FROM OPTICAL OBSERVATIONS OF THE EARTH'S HORIZON 

FROM AN EARTH SATELLITE* 

By Ruben L. Jones 
Langley Research Center 

SUMMARY 

The necessary equations f o r  a theore t ica l  method f o r  obtaining d i r ec t ly  an 
earth-centered world geodetic system from angular measurements involving the  
ea r th ' s  v i s i b l e  horizon a s  seen from an ear th  sa te l l i t e  a re  derived. A s  a 
check on t h e  method, a computer program w a s  wri t ten whereby data could be s i m -  
ulated and r e s u l t s  obtained. 

The method i s  found t o  be mathematically feas ib le ,  and the  r e s u l t s  f o r  a 

Further, when la rge  variances i n  t h e  observations were 
pa r t i cu la r  case a re  given t o  show the  accuracy which can be expected under 
i d e a l  conditions. 
assumed, t he  method was found t o  converge, although slowly. F ina l ly ,  some of 
t he  conditions f o r  t he  most effect ive application of t h e  theory a re  determined. 

Although the  method i s  found t o  be mathematically feas ib le  and t o  converge 
f o r  la rge  variances i n  the  measurements, the r e s u l t s  a r e  preliminary and a 
de t a i l ed  s t a t i s t i c a l  analysis  i s  needed. 
theory can be usefu l  i n  a var ie ty  of theore t ica l  s tudies ,  such as a study of 
t he  accuracy penal t ies  resu l t ing  from assuming the  ear th  t o  be spherical  ra ther  
than oblate  i n  navigation schemes and horizon-uncertainty s tudies .  

As f o r  addi t ional  applications,  t he  

INTRODUCTION 

The technological advances s ince World War I1 have in s t iga t ed  a phenom- 
ena l  growth i n  i n t e r e s t  for an accurate world geodetic system. 
i n t e r e s t  has resu l ted  ch ief ly  from the nat ional  objective of space exploration. 

This increased 

I n  order t o  complete a deep space probe, it i s  desirable t o  know t h e  pre- 
c i s e  loca t ions  of the  launch s i te  and of the radar s t a t ions  which will observe 
t h e  f l i g h t  of t he  space vehicle.  The error  i n  t h e  location of a point on the  

~~ 

The material presented herein i s  based on a t h e s i s  submitted i n  p a r t i a l  * 
fu l f i l lmen t  of t h e  requirements f o r  t he  degree of Master of Science i n  Geodetic 
Science, Ohio S ta t e  University, Columbus, Ohio, May 1965. 



. 
ea r th ' s  surface i s  not necessar i ly  a function of the e r ro r  i n  the  survey alone. 
Because of t h e  i r regular  shape of the ea r th ' s  surface, t he  var ia t ion  of the  
ear th ' s  i n t e rna l  density with locat ion,  and the  uncertainty i n  t h e  location of 
t h e  ear th ' s  center,  the  accuracy with which the  launch s i t e  and radar s t a t ions  
can be located on a par t icu lar  datum i s  l imited.  

Geodesists have developed several  sophisticated methods f o r  dealing with 
each o f  these fac tors .  Even so, t o  date,  data a r e  insuf f ic ien t  t o  determine 
precisely the  ea r th ' s  center and the  e l l i p so id  which w i l l  best  f i t  t he  ear th  
a s  a whole. Recently, the a r t i f i c i a l  ear th  s a t e l l i t e  has been employed fo r  
geodetic purposes. A major finding has been t h a t  the f l a t t en ing  f i s  approxi- 
mately 1/298.3 rather  than the  1/297 previously supposed. 
th ree  d i g i t s  of  the magnitude of t he  semimajor ax is  
be 6 378 388 meters, a r e  seriously questioned. 

Further,  the l a s t  
a,  previously thought t o  

The necessary equations f o r  a t heo re t i ca l  method for  obtaining d i r e c t l y  an 
earth-centered world geodetic system will be derived herein.  
a par t icu lar  case will be given t o  show the  accuracy which can be expected 
under idea l  conditions. Further, it w i l l  be determined if the  method w i l l ,  i n  
f a c t ,  converge when large variances i n  t h e  observations a r e  assumed; f ina l ly ,  
some of t he  conditions f o r  t he  most e f f ec t ive  application of t he  theory w i l l  
be determined. 

The r e s u l t s  f o r  

SYMBOLS 

A,B,C coeff ic ients  of quadratic equation 

A% geodetic azimuth 

A% spherical  azimuth 

a semimajor ax i s  of ear th  

b semiminor ax is  of ear th  

C constant defined i n  appendix D 

D r a d i a l  distance from V t o  T 

E column matrix of res iduals  

e eccent r ic i ty  of  ear th  

I',L,M,S,A,P,@ functions (Main symbols a r e  used i n  subscript  posi t ion t o  
ind ica te  the  independent var iable;  f o r  example, a i s  
the var iable  i n  ) 

f f l a t t en ing  of ear th  
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horizon uncertainty 

height of surface point above e l l ipso id  

a rb i t r a ry  point i n  a plane 

normal t o  e l l i p so id  

North Pole  

a rb i t r a ry  observable 

upper l i m i t  of s m a t i o n  

rectangular matrix of coeff ic ients  of observation equations 

row matrix of coef f ic ien ts  of a rb i t ra ry  observation equation 

r a d i a l  distance from ea r th ' s  center ( t o  a po in t )  

mean radius of ear th  

perpendicular distance from ea r th ' s  polar  ax is  ( t o  a point)  

South Pole 

radar s t a t ion  

a r b i t r a r y  point on ea r th ' s  v i s ib l e  horizon 

column matrix of independent variable 

reduced l a t i t u d e  

a r b i t r a r y  locat ion of space vehicle 

I 

w = /1 - e'sin2j6 

XJYJ 

X J Y J Z  coordinates of point i n  X,Y,Z coordinate system 

U ea r th  subtense angle 

P 

Y elevat ion of vehicle with respect t o  spheroid 

Y '  elevat ion of vehicle with respect t o  sphere 

rectangular Cartesian coordinate system ( t o  be defined) 

azimuth of point on ea r th ' s  v i s ib le  horizon a s  seen from vehicle 

3 



A small f i n i t e  change i n  variable 

6N height of spheroid above geoid 

SB 

{ E }  ,{ vt 

E element of E 

7,E 

e 
h longitude 

P 

V def lect ion of t he  v e r t i c a l  

P JT un i t  vectors 

(I standard deviation 

B geodetic l a t i t u d e  

8' geocentric l a t i t u d e  

If polar  angle 

w longitude eas t  of or igin of datum, hs - ho 

Subscripts : 

H horizon 

I instrument 

i 

k number of observation equations 

m type of observation 

n par t icu lar  pos i t  ion of vehicle 

0 

S 

T t o t a l  

difference between geocentric and geodetic l a t i t udes  

column matrices of res iduals  and corrections,  respectively 

components of def lect ion of the  v e r t i c a l  

angle between geocentric radii of vehicle and radar s t a t ion  

azimuth of plane of the  v e r t i c a l  

par t icu lar  azimuth o r  point on ea r th ' s  v i s i b l e  horizon 

variable referenced t o  or ig in  of spheroid 

radar-station-referenced var iables  (except where defined d i f f e ren t ly )  
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. I 

sv measurement from radar  s t a t ion  t o  vehicle 

t rue  t rue  locat ion or value 

V vehicle -referenced var iables  

Notations: 

{ I  column matrix 

c 3  square matrix 

L J  row matrix 

rectangular matrix 

* l e a s t  -squares estimate 

Matrix exponents: 

T ind ica tes  the  transpose 

-1 indica tes  the  inverse 

A bar  over a symbol (or group of symbols) ind ica tes  a vector.  

An a rc  over a symbol (or group of symbols) ind ica tes  an a r c  measure. 

A primed function ind ica tes  a p a r t i a l  derivative.  

BRIEF REVIEW OF GEODETIC THEORY 

A s  i s  well  known, the  ea r th ' s  f igure i s  an i r r egu la r  one. Furthermore, 
Therefore, i n  order t o  locate  the  t h e  densi ty  var ies  from region t o  region. 

various fea tures  on the  ear th ' s  so l id  surface, geodesy r e l i e s  on two reference 
surfaces ,  t he  geoid and t h e  oblate  e l l ipsoid.  
c i s e l y  a s  the  equipotent ia l  surface of the  ear th ' s  g rav i ta t ion  and ro ta t ion  
which i n  t h e  open ocean w i l l  coincide on t h e  average with t h e  mean sea l e v e l  
and t o  which the  waters on the  ocean would tend t o  conform i f  allowed t o  flow 
i n t o  very narrow and shallow canals cut through the  land ( r e f s .  1 and 2 ) .  
t he  geoid coincides, on the  average, with the mean sea l e v e l  i n  t he  open seas 
but w i l l  r i s e  under the land masses i n  proportion t o  the  a t t r a c t i o n  of t h e  land 
mass above mean sea leve l .  

The geoid i s  defined most pre- 

Thus, 

If the  e a r t h ' s  surface were a perfect  e l l i p so id ,  t he  geoid would almost 
be an exact e l l i p so id .  However, because of the  i r r e g u l a r i t i e s  i n  the  ea r th ' s  

5 



. 
shape and the  var ia t ions  i n  i t s  in t e rna l  density,  the  geoid, although smooth, 
i s  an i r regular  surface and follows the  ea r th ' s  mean contour. 
reference 1 t h e  geoid departs from the  spheriodal shape by a f e w  hundred f e e t  
and in  inc l ina t ion  by a s  much a s  a minute of a rc .  
t i nc t ion  between the  terms spheroid and e l l ipso id ,  t he  two w i l l  be considered 
synonymous i n  t h i s  paper. ) 

According t o  

(Although there  i s  a dis- 

The v e r t i c a l  ax is  of a l eve l  theodol i te  a t  sea l eve l  i s  coincident with 
the  direction of gravi ty  a t  t he  point of observation. Further, t he  horizontal  
ax is  of a l e v e l  s p i r i t  l eve l  a t  sea l e v e l  i s  normal t o  the  direct ion of gravi ty  
a t  the point of observation. Therefore, since the  direct ion of gravity a t  sea 
l eve l  i s  everywhere normal t o  the  geoid, t h i s  i s  the  surface t o  which the  geode- 
sist  references a l l  of h i s  measurements. A s  a r e s u l t ,  observables such a s  
astronomic l a t i t ude ,  longitude, and elevation above sea l e v e l  a r e  defined i n  
terms of the  geoid. 

Astronomic l a t i t ude  and longitude i n  the  conventional sense are defined 
as follows: 
observer's plumb l i n e  a t  i t s  in te rsec t ion  with the  geoid and the  ea r th ' s  mean 
equatorial  plane and i s  posi t ive north. 
defined as  the  angle between the  mean meridian plane of Greenwich ( t h i s  plane 
contains the  normal t o  t h e  geoid a t  Greenwich and i s  p a r a l l e l  t o  t he  ea r th ' s  
mean ro ta t iona l  ax i s )  and the  plane normal t o  the  ea r th ' s  mean equator ia l  plane 
and containing the  observer 's  geoidal normal mentioned and i s  measured pos i t ive  
e a s t  of Greenwich. To be precise  i n  these def in i t ions ,  it would be necessary 
t o  subs t i tu te  the  word "instantaneous" f o r  t h e  word rrmean." However, since the  
orientation of t he  reference e l l i p so id  r e l a t i v e  t o  the  geoid must f u l f i l l  t he  
condition tha t  i t s  minor ax i s  be p a r a l l e l  t o  t he  ea r th ' s  mean ax i s  of ro ta t ion ,  
the  ear th 's  spin ax is  w i l l  be considered t o  be i t s  mean ax is  of ro ta t ion  and 
only the  conventional def in i t ions  of astronomic l a t i t u d e  and longitude will be 
considered. (See ref. 3.) 

t he  astronomical l a t i t u d e  i s  the  angle between the  tangent t o  the  

The astronomical longitude may be 

The elevation of a point i s  defined a s  i t s  height above the  geoid. For 
the  purposes of t h i s  paper, t h i s  def in i t ion  w i l l  suf f ice .  The a c t  of measuring 
an elevation by means of a s p i r i t  l e v e l  assumes t h a t  an equipotent ia l  surface 
adjacent t o  t he  geoid i s  everywhere equidis tant  from t h e  geoid. 
i s  not t rue  and, hence, heights obtained by s p i r i t  level ing over great  dis- 
tances must be corrected. 

However, t h i s  

(See r e f s .  1, 2, and 4 . )  

An oblate  spheroid or e l l i p so id  of  revolution approximates t h e  geoid very 

It i s ,  there-  
closely and i s  the  second surface with which the  geodesist i s  concerned. The 
spheroid i s  a mathematical surface and i s  by de f in i t i on  smooth. 
fore ,  t h e  i dea l  surface f o r  geodetic computations and f o r  locat ing geodetic 
points  . 

The geodetic l a t i t ude  i s  the angle between the  ea r th ' s  equator ia l  plane 
and the  normal t o  the  e l l i p s o i d  containing the  observer 's  projected pos i t ion  
on the geoid. The geodetic longitude i s  t h e  angle between the  meridian plane 
containing the same e l l i p s o i d a l  noma1 and t h e  meridian plane of Greenwich 
where both planes a re  p a r a l l e l  t o  the  ea r th ' s  mean axis of ro ta t ion .  (See 
ref. 3 . )  

6 



If the  astronomical l a t i t u d e  and longitude of an a rb i t r a ry  point and t h e  
azimuth of an addi t ional  point a r e  desired, it i s  required only t o  observe 
these quant i t ies .  However, i f  it i s  desired t o  locate  a second point r e l a t ive  
t o  the  f i rs t ,  it i s ,  f o r  t he  most accurate determination, necessary t o  connect 
t he  two points  by f i r s t -o rde r  t r iangulat ion;  select  an e l l i p so id  which will 
best  f i t  t he  region surveyed and define i t s  orientation with respect t o  the  
f i rs t  point ;  then, calculate  t he  geodetic coordinates of t he  second point on 
the  assumed e l l i p so id .  
would, most probably, not agree with those determined astronomically. The 
major reason f o r  t h i s  discrepancy i s  the  varying density of t h e  ear th  from 
point t o  point on i t s  surface, which would cause the  v e r t i c a l  (or direct ion of 
gravi ty)  a t  t he  point t o  have a direct ion d i f fe ren t  from t h a t  of the normal t o  
the  e l l i p so id  a t  t h a t  point.  

The r e su l t i ng  geodetic coordinates of t h e  second point 

The angle between the  v e r t i c a l  and the normal t o  t h e  e l l i p so id  i s  defined 
as the  def lect ion of the  ve r t i ca l .  The deflection of the  v e r t i c a l  can be 
resolved i n t o  two components 5 and q ,  which a re  conventionally posi t ive i f  
t he  inward v e r t i c a l  i s  directed t o  the  south o r  west of the  normal. (See 
ref.  1.) The component of deviation i n  the  meridian plane q i s  given by the  
re la t ion  

q = Astrolat i tude - Geodetic l a t i t u d e  (1) 

The component i n  t h e  prime v e r t i c a l  plane 6 i s  given by the  re la t ion  

k = (Astrolongitude - Geodetic 1ongitude)cos $ ( 2 )  

I n  some t e x t s  t h e  def in i t ions  of 5 and 7 a re  reversed. 

A second reason fo r  t he  discrepancies between astronomic and geodetic 
coordinates may be a poorly defined datum or  spheroid. 
datum of a t r iangula t ion  network requires eight constants.  F i r s t ,  t he  minor 
ax i s  of t h e  e l l i p s o i d  i s  always defined t o  be p a r a l l e l  t o  the  ea r th ' s  spin ax is ,  
and thereby, t he  or ien ta t ion  of t he  t r iangulat ion on the  e l l i p so id  can be deter-  
mined through the  Laplace equation. 
three constants,  t he  astronomic iaii+ade, longit.ude: and azimuth and then t h e  
assigning of values t o  the  two components of t h e  def lect ion of t he  v e r t i c a l  
E o  and qo. Secondly, values must be assigned t o  t h e  two e l l i p so ida l  param- 
e t e r s  a and f .  Final ly ,  t he  height of the e l l i p so id  above the  geoid &No 
i s  defined t o  complete t h e  def in i t ion  of a datum. 

The def in i t ion  of t he  

This involves first t h e  observation of the  

The de f in i t i on  of a datum, except f o r  the astronomic l a t i t ude ,  longitude, 

However, such an assump- 
and azimuth, i s  purely a rb i t r a ry .  Generally, t he  geodetic and astronomic coor- 
d ina tes  may be defined a s  being equal a t  the or igin.  
t i o n  may not  y i e ld  the  bes t  fit t o  t h e  geoid. 
des i rab le ,  i n  such cases, t o  define 5 and q t o  be d i f f e ren t  from zero. 

Consequently, it would be 

The las t  three  constants Eo, vo, and ENo represent an attempt t o  
def ine t h e  center  of the  e l l i p so id  which, ideal ly ,  would be a t  t he  ear th ' s  ten- 
t e r  of gravi ty .  
t a i n t y  i n  t h e  magnitudes of a and f which best  f i t  t h e  geoid a s  a whole, 

Because of t h e  i r r egu la r  shape of t he  geoid and t h e  uncer- 



t h i s  does not hold. Consequently, many independent surveys have been car r ied  
out which have resu l ted  i n  several  spheroids (European, American, e t c .  ), each 
defined so as t o  f i t  best  the  pa r t i cu la r  area i n  question. Attempts t o  connect 
the  various spheroids have shown serious discrepancies. The f a i l u r e  t o  connect 
t he  various spheroids i s  the  r e s u l t  of two factors :  t he  t r u e  def lect ion of the 
ve r t i ca l  a t  t he  or ig in  f o r  each da tum i s  unknown, and the  constants of the  best  
f i t t i n g  world e l l i p so id  a re  unknown. 

Stokes has described and developed the  theory of a method which, if grav- 

Vening 
i t y  observations over a l l  the  ear th  were avai lable ,  would permit t he  calcula- 
t i o n  of geoid undulations a t  any desired point on the  ear th ' s  surface.  
Meinesz later extended the  theory t o  show t h a t  t h e  components of t he  def lect ion 
of the v e r t i c a l  could a l s o  be determined from gravi ty  observations. 
r e f .  5 . )  When the  ear th  a s  a whole i s  considered, t he  holdings of gravimetric 
data are not by any means complete although enough data ex i s t  t o  make a few 
very good approximations. In  the  southern hemisphere, observations a r e  sparse 
indeed. I n  the  northern hemisphere, t he  p ic ture  i s  much br ighter  but s t i l l  
sadly lacking. 

(See 

The job of co l lec t ing  gravimetric data i s  a gigant ic  and expensive under- 
Therefore, a more e f f i c i en t  and d i r e c t  method of determining t h e  best  taking. 

f i t t i n g  world e l l i p so id  i s  desirable .  

There a re  several  ways t o  determine the  ea r th ' s  figure. The most f r e -  
quently used approach has been t o  observe the  differences i n  astronomic l a t i -  
tude and longitude from place t o  place and t o  connect t he  points  of observation 
by t r iangulat ion so a s  t o  determine the  lengths of the  degree of l a t i t u d e  
and/or longitude i n  d i f f e ren t  pa r t s  of t he  ea r th  and t o  deduce the  ea r th ' s  f i g -  
ure from the  results. 
var ia t ion of gravi ty  between the  equator and poles of t he  ear th .  
observation of the direct ion and in t ens i ty  of t he  ea r th ' s  gravi ta t ion which led  
t o  the  discovery of i r r e g u l a r i t i e s  i n  the  ea r th ' s  f igure and i n t e r n a l  s t ruc ture  

Another approach has been through measurement of t he  
It was the  

There have been a number of attempts t o  derive an e l l i p so id  which will 
best  f i t  ( a s  a whole) t he  ear th ' s  f igure.  
soid ( a  = 6 378 388 meters; f = 1/297) was general ly  accepted a s  the truest 
representation of the  ea r th ' s  f igure.  
of t he  Vanguard s a t e l l i t e  were shown t o  ind ica te  a f l a t t en ing  of 1/298.3. 
These findings resu l ted  i n  a rash of addi t iona l  der ivat ions of t he  ea r th ' s  
e l l ipso ida l  parameters. However, there  i s  s t i l l  disagreement. 

Un t i l  1959, t h e  in te rna t iona l  e l l i p -  

However, i n  reference 6, observations 

Once the  parameters of t h e  best  f i t t i n g  e l l i p so id  have been establ ished 
it would be necessary e i t h e r  t o  change the  spheroids of the  various geodetic 
systems and recmpz+,e the  s t a t ion  coordinates or t o  derive formulas fo r  con- 
ver t ing from the  old datum t o  the  new. The two a l t e rna t ives  d i f f e r  only i n  
the extent t o  which the computations are car r ied .  For t h e  f i r s t  a l t e rna t ive  
the coordinates of a l l  geodetically es tabl ished poin ts  would be changed. 
t he  second, a convenient formula would be provided f o r  converting t h e  coor- 
dinates  of any desired point on the  o ld  spheroid t o  those cf t h e  new. 

For 
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. 
If it i s  desired t o  change a spheroid, one approach would be f i r s t  t o  

redefine a ,  f ,  E o ,  yo, and 6No and then compute the  coordinates of t h e  
observed s t a t i o n  of t he  t r iangula t ion  network again. 
e r a l  methods, of which the  methods of Vening Meinesz and de Graaff-Hunter a r e  
two t h a t  allow f o r  a change i n  the  datum without going through the  rigorous 
computation of t he  t r iangula t ion  j u s t  outl ined ( r e f s .  1 and 7 ) .  Essent ia l ly ,  
i f  Avo, Lye, LEN,, Aa, and Af are the  changes t o  be added t o  qo, to, 
6N,, a, and f ,  respectively,  t h e  corresponding change i n  the geodetic la t i -  
tude A&, longitude Ahs, and s t a t i o n  height Ahs may be obtained d i r e c t l y .  
The de Graaff-Hunter method was chosen f o r  t h i s  study. In func t iona l  notat ion 

There a re  ava i lab le  sev- 

Assuming the  a v a i l a b i l i t y  of a l l  desirable  data,  t o  e s t ab l i sh  a t r u l y  
world geodetic system and r e l a t e  a l l  ex is t ing  datums t o  it by the  previously 
discussed procedures i s  an overwhelming task. Therefore, a method which would 
allow the  datum t o  be adjusted i n  addi t ion t o  deriving a t r u l y  earth-centered, 
b e s t - f i t t i n g  world e l l i p s o i d  would be of great importance. The development of 
such a method i s  the purpose of t h i s  paper. 
problem, however, the  present report  proposes t o  develop t h e  concept according 
t o  ce r t a in  assumptions and apply it t o  a pa r t i cu la r  case. 
c i a t ed  problems and areas  fo r  additonal work a r e  pointed out a s  w e l l  a s  ind i -  
cat ions of t he  merit of the  method. 

Because of t h e  magnitude of t h e  

Some of t h e  asso- 

ASSUMPTIONS AND GENERAL THEORY 

If an a r t i f i c i a l  ea r th  s a t e l l i t e  i s  assumed t o  be a t  a point  
t o ,  as  i s  shown i n  figure 1, 

T i ,  on the  e a r t h ' s  v i s i b l e  hori- 

I f  t h e  ea r th ' s  f igure  i s  assumed t o  
i s  perpendicular t o  the  normal 

Vn i n  space 
and Rv,n u n i t s  Troiii thz  earth's center a t  t i m e  
and, by some su i t ab le  o p t i c a l  means, a point 
zon, i s  observed, t h e  vector 
sight and i s  tangent t o  the  ea r th  a t  
be a smooth obla te  e l l i p so id ,  the  vector 
N i  t o  t h e  e l l i p s o i d  a t  T i .  The angle %,I included by vectors  VnTi and 
Rv,n i n  t h e  plane of observation i s  defined a s  the  @h subtense angle of t he  
ea r th .  

- 
VnTi (assuming no atmosphere) i s  t h e  l i n e  of 

T i .  - 
VnTi 

- 

It i s  obvious that, i n  addi t ion t o  being dependent on t h e  s i z e  and shape 
of t h e  ear th ,  %,i w i l l  vary i n  magnitude a s  t h e  plane containing VnTi and 
Rv,n r o t a t e s  about Rv,n and a s  the  location of Vn changes with respect  t o  
t h e  e a r t h ' s  cen ter .  
e l l i p s o i d  of revolution, due t o  the  symmetry of the  e l l i p so id ,  

- 
Further,  if t h e  ea r th  is assumed t o  be a smooth oblate  

%,i i s  

9 
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Figure 1.- Optical  observat ion of a point  on e a r t h ' s  v i s i b l e  horizon 
from a s a t e l l i t e .  

independent of t he  vehic le ' s  longitude A,,,. Then, i f  pi i s  the  azimuth of 
the  plane formed by VnTi and Rv,n measured i n  a plane normal t o  Rv,n and 
clockwise from the  meridian plane of Vn and i f  t he  spherical  coordinates of 

- - 

Vn a re  Rv,n, 8;,n, $,n, where i s  the  geocentric l a t i t u d e  of Vn, 

t he  ear th  subtense angle f o r  the ith point  of tangency and the  nth pos i t ion  i n  
space i s  wri t ten as 

%,i = F(a,f ,Rv,n,G,n,Pi)  (4) 

I n  t h i s  analysis ,  the  assumption i s  made t h a t  the  l i n e s  of s igh t  a r e  t r u l y  
tangent t o  the  so l id  surface of t he  ea r th  and a r e  not intercepted by clouds, 
haze, or atmospheric sca t te r ing .  Ef fec ts  of atmospheric r e f r ac t ion  a r e  
neglected. 

The ea r th ' s  so l id  surface i s  an i r r e g u l a r  figure. However, if it i s  
assumed t h a t  the elevations of various fea tures  on the  e a r t h ' s  surface vary i n  
a random manner about some mean elevation, the  summation of all t h e  elevat ions 
about t ha t  mean over any path would be zero. That i s ,  i f  the  e a r t h ' s  mean 
shape i s  assumed t o  be t h a t  of an obla te  e l l i p s o i d  of revolut ion,  there  i s  an 
e l l i p so id  with semimajor ax is  a and f l a t t e n i n g  f .  If t h i s  e l l i p s o i d  i s  
placed so t h a t  i t s  geometric center  i s  coincident with t h a t  of t he  ea r th  ( t h e  
e a r t h ' s  geometric center and center  of grav i ty  will be taken t o  be synonymous) , 
the  sum of a l l  the elevations about it will be zero. Thus, if a la rge  number 
of subtense angles are observed from an a r t i f i c i a l  s a t e l l i t e  a t  d i f f e ren t  

10 



. 
posi t ions i n  space and the  geocentric r ad i i  and l a t i t u d e s  a re  observed from 
some earth-based observation s ta t ion ,  the  datum t o  which the  observation s t a -  
t i o n  i s  referenced could,be improved by the  method of l e a s t  squares. 

An e l l i p so id  determined i n  the  manner described here will represent t he  
ea r th ' s  mean geometrical shape. Further, t h e  resu l t ing  f i t  t o  t he  mean geo- 
metr ical  shape will be a function of both t h e  number of observations and t h e  
par t icu lar  surface features  observed. For example, i f  observations a r e  made 
predominately i n  a mountainous region, t he  resu l t ing  e l l i p so id  would be l a rge r  
than desired. 
surface of t he  oceans, t he  resu l t ing  e l l ipso id  would be smaller than desired.  
(See previous sect ion.)  
of the ear th ' s  surface,  t he  r a t i o  of the  number of observations on a pa r t i cu la r  
feature ,  such a s  mountain ranges and oceans, t o  t he  t o t a i  can be assmec? t o  be 
proportional t o  t h e  r a t i o  of  the  area of t he  feature  t o  t h e  t o t a l  surface area 
of the  ear th ,  and the  resu l t ing  e l l i p so id  would represent a bes t  f i t  t o  t h e  
ea r th ' s  mean geometric shape. An e r ror  ex is t s  i n  using horizon measurements 
i n  mountainous regions, because of the  f a c t  tha t  t h e  l i n e s  of s ight  from a 
s a t e l l i t e  t o  the  horizon may be unable t o  reach the  ground i n  val leys .  
the  oceans and seas cover approximately 2 / 3  of t h e  ea r th ' s  surface and the  
mountainous regions comprise a very small portion of t he  t o t a l  surface area,  
t h i s  e r ro r  would probably influence the  resul t ing e l l i p s o i d  only s l i gh t ly .  

On t h e  other  hand, however, i f  observations a re  made only t o  t h e  

Thus, if observations should be made t o  a l l  regions 

Because 

The two spherical  coordinates of the vehicle Rv,n and $d$,n i n  equa- 
t i o n  ( 4 )  are dependent on t h e  geodetic coordinates of t he  observation point and 
t h e  observations necessary t o  f i x  the  location of the  vehicle i n  space. 
functional notat ion 

In  

where the  values of m (m = 1, 2, 3 ,  . . .) represent t h e  par t icu lar  observa- 
t i ons  necessary f o r  the  purpose of f ixing the posi t ion of the  vehicle i n  space. 

A s  explained i n  t h e  section on geodetic theory, t he  geodetic coordinates 
of t he  observation s t a t i o n  i n  equation ( 5 )  are not independent of t he  or igin 
of t he  datum. Thus, s ince the  datum i s  a r b i t r a r i l y  defined so a s  t o  obtain a 
bes t  f i t  of t h e  e l l i p so id  t o  t h e  surveyed area, t he  spherical  coordinates of 
t he  vehicle m u s t  be considered t o  be i n  error.  The e r r o r  i n  each i s  given by 
i t s  t o t a l  d i f f e r e n t i a l .  Consequently, the er ror  equations a re  

11 
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Those variables OmJn which a r e  t o  be observed by some su i tab le  method 
may change with t h e  e l l i p s o i d a l  parameters a and f and the  geodetic coordi- 
nates  of the observation s t a t ion .  
dom,, 

Thus, if it i s  assumed t h a t  t he  e r r o r  i n  each 
is  given by the  r e l a t ion  

upon subs t i tu t ing  equation (7)  i n t o  equation (6)  and co l lec t ing  coef f ic ien ts  of 
l i k e  terms, e r ror  equations f o r  t he  spherical  coordinates of the  vehicle as 
functions of the  e r r o r s  i n  the  e l l i p s o i d a l  parameters and geodetic coordinates 
and height of the observation s t a t ion  are 

where the a ' ,  A', and P' coef f ic ien ts  represent t he  sums of t h e  p a r t i a l  
der ivat ives  of the pa r t i cu la r  f'unction with respect  t o  the  var iab le  indexed. 

The d i f f e r e n t i a l  operator d of equation (8) i s  equivalent t o  the  A i n  
t he  re la t ions  of equation ( 3 ) .  
exmqle,  i s  t h a t  cia represents  an in f in i t e s ima l  e r r o r  i n  the  var iab le  whereas 
Aa represents a s m a l l  but f i n i t e  e r r o r  i n  t h e  var iab le .  However, it i s  assumed 
t h a t  t he  coef f ic ien ts  of t he  unknowns a r e  l i n e a r  over a f i n i t e  range of the  
var iables .  
and, therefore,  the  e r r o r  equations f o r  t he  spher ica l  coordinates of t he  vehicle  
can be determined as functions of a change i n  t h e  datum. 

The mathematical difference i n  the  ~IJo, f o r  

Thus, the two mathematical representat ions are taken t o  be equal, 

12 



. 
The re la t ions  of equation ( 3 )  a re  l i nea r  functions of t h e i r  var iables ,  

Therefore, 

4s = LA& + L.& + L,!,A~~ + ~ 5 4 ~  + L&MN, 

as = $& + M& + M.,',A~~ + M & ~  + M ~ ~ A ~ N ,  

ahs = Si& + S& + S$v0 + S i n s o  + 

(9) 

where primed-f'unction names represent t he  coeff ic ient  of t he  corresponding 
unknown, which i s  given a s  a subscript .  Tnen, a f t e r  scbs t i tu t ing  equation (9) 

If t h e  coef f ic ien ts  of equation (8) can be determined and are  l i n e a r  i n  
t h e  corresponding var iables ,  the  change i n  the spherical  coordinates of t h e  
vehicle due t o  a change i n  the  datum can be computed by equation (10). 
only t h e  e r r o r  equation f o r  

Thus, 
remains t o  be found. 



Since the  function F of equation (4)  may not be l inea r  i n  i t s  var iables ,  
it i s  l inear ized  by expanding it i n t o  a Taylor s e r i e s  and ignoring a l l  terms 
containing powers of t h e  var iab les  higher than one. Thus, i f  

dpi = 0 

for  a l l  the  remaining var iables  of F 

where a p a r t i a l  der ivat ive of a function enclosed by parentheses and subscripted 
indicates  t ha t  it i s  t o  be evaluated fo r  a pa r t i cu la r  azimuth a t  a po in t .  

Equation (11) can be in te rpre ted  as  s t a t i n g  t h a t  

&,i = Error i n  %,I = %,i - (F)n , i  = %,i ( t r u e )  - (approximate) 

Subst i tut ing the  necessary expressions from equation (10) i n t o  equation (12) 
and co l lec t ing  the  coef f ic ien ts  of l i k e  terms gives the  following e r r o r  equa- 
t i o n  f o r  +,i: 

where F’ i s  the coef f ic ien t  for t he  var iab le  subscripted.  

Generalizing fu r the r ,  l e t  

‘k = %,i 7 

k = l , 2 , .  . . 

J 
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i s  a pa r t i cu la r  observation. Then, i n  matrix notation 

Equation (15) represents only one observation. For a least-squares deter-  
mination of the  unknowns t o  be val id ,  it is  necessary t o  have a la rge  number of 
observations. I n  the  theory presented so far, two varying indices  i and n 
have been used. Thus, i f  {El  i s  chosen t o  represent a column matrix of k 
elements and llQll i s  chosen t o  represent a k by j rectangular matrix of t he  
coef f ic ien ts ,  where j i s  the  number of unknowns and v i s  a column matrix of 
corrections,  equation (17) can be rewri t ten t o  read 

which after requiring the  sum of t h e  squares of v t o  be a minimum becomes 

' The product IIQIITllQll i s  a square matrix and can be inverted.  Therefore, 

i s  the  matrix representation of the  least-squares solut ion f o r  the  unknowns 
( ref .  8) .  A similar solut ion would be obtained f o r  weighted observations. 

A s  noted previously, atmosphere refract ion has been neglected i n  develop- 
ment of t h e  theory. 
observed subtense angle can eas i ly  be corrected f o r  atmospheric re f rac t ion  pro- 
vided a su i tab le  correction i s  available.  

If equation ( 4 )  i s  referred t o ,  it w i l l  be seen t h a t  the  

TKE EXPFlESSIONS FOR a AND ITS ERROR EQUATION 

The theory given i n  the  previous section was very general i n  t h a t  func- 
t i o n a l  notat ion alone w a s  used. 
and i t s  e r r o r  equation a r e  given. 

I n  t h i s  section the  expressions f o r  Un,i 

The Expression f o r  a 

If a satel l i te  i s  located a t  a point  Vn i n  space and i f  by some su i tab le  

i s  given by the  functional re la -  
o p t i c a l  means (assuming no atmospheric refract ion)  a point 
horizon i s  observed, t h e  subtense angle 
t i o n  of equation ( 4 ) .  

T i  on the  v i s ib l e  

Furthermore, i f  the  ear th  i s  assumed t o  be a smooth 



- 
oblate e l l i p so id ,  the  l i n e  of s ight  VnTi i s  tangent t o  t h e  ea r th  a t  T i  and 
perpendicular t o  the  normal N i .  Then, it i s  shown i n  appendix A t h a t  t he  
desired expression f o r  %,i i s  

/ \ 

where 

J 

r 1 

-l 

The posi t ive sign i s  chosen so that %,i i s  a minimum when Pn,i  i s  zero. 

The Error Equation f o r  a 

Before 0, A, and P can be derived, it i s  necessary t o  decide what 
method will be used t o  f i x  the  posi t ion of t he  s a t e l l i t e .  Because of t he  high 
accuracy obtainable, radar w a s  chosen f o r  t h i s  paper. 
t h a t  perfect  measurements are made. 

Further ,  it i s  assumed 
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There a re  several  techniques f o r  f ix ing  the instantaneous posi t ion of  a 
space vehicle by radar observations i n  use today. 
discuss each technique and i t s  individual application t o  the  theory of t h i s  
work, t he  conventional measurements of range 
elevation above the  horizon 7, are taken t o  be observables. 

Since it i s  impractical  t o  

Rsv,n, azimuth A z ~ , ~ ,  and the  

The azimuth and elevation a re  geodetic azimuth and geodetic elevation. 
Thus, i f  t he  datum should be changed, A z ~ , ~  and 7n must necessarily change. 

On the  other  hand, however, the  range Rsv," i s  a pure measurement which 
i s  so le ly  a function of t h e  radar accuracy. 
are taken t o  be zero. 

A s  a r e s u l t ,  der ivat ives  of Rsv,n 

With t h e  assumptions s t a t ed  herein i n  mind, it i s  shown i n  appendix B t h a t  
t h e  coef f ic ien ts  of t he  expressions i n  equation (8) can be expressed as follows: 
'or d$:,n 

- 

1 -  - - - -+--+ %,n *; a ~ s  *;,n 'en *;,n aA-Zs,n 
'a ,n @A a N s  aa den h Z s , n  da 
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. 
Further, the  coef f ic ien ts  of equation (12) a re  shown to be given by 

The e r r o r  equation f o r  %,i i s  given i n  a general form by equation (13). 
A s  stated previously, the  coef f ic ien ts  of equation (13) are  functions of those 
of equations ( 8 ) ,  (9) ,  and (12).  

For brevi ty ,  i n  t h i s  section the  coeff ic ients  of equations (8) and (12) 
w e r e  given i n  equations (21) ,  (22) ,  (23),  and (24) as  functions of indicated 
p a r t i a l  der ivat ives .  
r e s u l t s  a r e  given i n  appendix C .  To obtain the algebraic expressions f o r  equa- 
t i o n s  (21), (22) ,  (23),  and (24) ,  it i s  required only t o  make necessary 
subs t i tu t ions .  

The indicated operations have been executed and the  

To complete t h e  l i s t  of expressions f o r  t he  solution of equation (l3), it 
i s  only necessary t o  rearrange the  equations due t o  de Graaff-Hunter t o  the  
form given by equation (9) .  
appendix D. 

This has been done a& thz r z s u l t s  8 re  given In 

The foregoing has shown t h a t  t h e  e r r o r  equation f o r  %,i i s  determined 
i n  terms of quan t i t i e s  which a r e  known, a r e  assumed t o  be observed, or can be 
approximated. Thus, it i s  mathematically possible t o  derive by t h e  method of  
least squares an earth-centered geodetic datum from ear th  subtense angles 
observed from an orb i t ing  a r t i f i c i a l  ear th  s a t e l l i t e .  It i s  now desirable  t o  
mention ways i n  which t h e  theory can be applied and some of t h e  conditions 
necessary f o r  obtaining va l id  r e su l t s .  The former i s  the  subject of t he  next 
sect ion and the la t te r  will be discussed i n  a subsequent section. 



APPLICATION 

There a r e  several  ways i n  which the  theory of t h i s  paper can be applied, 
but each w i l l  have one point  i n  common with the  other.  
t h e  d i r ec t  observation of some angle e i t h e r  between two points  on t h e  ea r th ' s  
horizon, between a reference l i n e  and points  on the  horizon, between a r e fe r -  
ence s t a r  and points  on the  horizon, o r  between some other reference and points  
on the horizon. 
largely dependent on the  type of instruments avai lable  and t h e i r  accuracies.  

A l l  methods will involve 

The approach chosen f o r  a pa r t i cu la r  appl icat ion w i l l  be 

For  comparison and discussion t h i s  sect ion will consider two appl icat ions.  
One i s  simply t h a t  of observing the  subtense angle d i r e c t l y  and another i s  that 
of observing angles from a polar  s t a r  t o  points  on the  e a r t h ' s  v i s i b l e  horizon. 

There i s  no need t o  discuss the  f i rs t  approach i n  any grea te r  d e t a i l .  The 
assumption of being able t o  measure the  e a r t h ' s  subtense angle by some means 
e i t h e r  d i r e c t l y  or i nd i r ec t ly  was the bas i s  f o r  the  der ivat ions which precede 
t h i s  section. 
radius  i s  not a physical  r e a l i t y ,  but mathematically defined. 
instrumentation would be required t o  operate i n  such a manner a s  t o  allow the  
precise  determination of the  d i rec t ion  of t he  geocentric radius .  

The only drawback t o  such an approach i s  t h a t  t he  geocentric 
Therefore, 

The approach of observing d i r e c t l y  the  angle between t h e  d i rec t ion  of a 
I polar  s t a r  and the  l i n e  of s igh t  t o  a point  on the  e a r t h ' s  horizon i s  l e s s  com- 

p l ica ted  from t h e  standpoint of instrumentation than t h a t  of observing subtense 
angles d i r ec t ly .  
only be required t o  observe the  d i rec t ion  of a point on the  horizon r e l a t i v e  t o  
the  s t a r .  
modification of t he  procedure developed i n  t h i s  paper i s  necessary. 

Since the  d i rec t ion  of a po lar  s t a r  would be known, it would 

To u t i l i z e  the  "polar angle" determined i n  t h i s  manner, only s l i g h t  

Consider f igure  2 i n  which the  Z'-axis i s  considered t o  pass through the  
vehicle 's  center  and i s  pos i t ive  i n  the  d i r ec t ion  of a polar  star. If the  star 
i s  considered t o  l i e  d i r e c t l y  above t h e  ea r th ' s  north pole,  t h e  Z'-axis i s  
always p a r a l l e l  t o  the  e a r t h ' s  spin ax i s  regardless  of t h e  loca t ion  of the  
vehicle,  s ince t h e  s t a r  i s  e s s e n t i a l l y  i n f i n i t e l y  d i s t a n t .  
would t r ans l a t e  about t he  ea r th ' s  spin ax i s  and, if 

As a r e s u l t ,  Z' 
$n,i i s  t h e  polar  angle, 

Then, 



. 

Figure 2.- Geometric d e f i n i t i o n  of p o l a r  angle and i t s  r e l a t i o n  t o  subtense 
angle ,  azimuth of observation, and spherical  l a t i t u d e  of a s a t e l l i t e .  

where 
\ 

Therefore, s ince the  expressions and %,i are  known and the p a r t i a l s  
of equation (23) a r e  given by equation (27), a f t e r  subs t i tu t ion  the  procedure 
becomes the  same a s  t h a t  f o r  the  subtense angle. 

I n  t h e  absence of r e a l  data a computer program was wri t ten for t he  purpose 
of simulating data .  
earth-centered datum. 

The r e s u l t s  were then used t o  determine the resu l t ing  

The method of simulating measurements was b r i e f l y  t h i s :  A datum was 
defined a t  a se lec ted  l a t i t u d e  and longitude along with the  coordinates of a 
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Variable @, radians A, radians h ,  meters a ,  meters f 5 ,  radians 

Origin of datum 0.52359870 -1.3089967 10.0 6378388.0 336.70834~10-5 -9.692736~10-~ 

Radar s ta t ion  .58067831 -1.3837296 .O 2.4242184 

Change i n  datum -8.0 -223 .O -1.4673498 4.8484378 

TABLE I.- DEFINED CONSTANTS FOR TEST CASE 

q ,  radians 

1.451555~(10-5 

2 .ooooooo 

-1.2120342 

Variable @, radians A, radians h ,  meters a ,  meters f 5 ,  radians 

Origin of datum 0.52359870 -1.3089967 10.0 6378388.0 336.70834~10-5 -9.692736~10-~ 

Radar s ta t ion  .58067831 -1.3837296 .O 2.4242184 

Change i n  datum -8.0 -223 .O -1.4673498 4.8484378 
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q ,  radians 

1.451555~(10-5 

2 .ooooooo 

-1.2120342 

radar  s t a t ion ;  various posi t ions of the vehicle were assumed i n  terms of radar  
measurements, and t h e  approximate subtense angles were computed f o r  ce r t a in  
values of p i ;  e r ro r s  were then assumed t o  e x i s t  i n  t he  datum, and t h e  t r u e  
coordinates of t he  radar s t a t i o n  were determined by the  method of 
de Graaff-Hunter (appendix D ) ;  f i n a l l y ,  the assumed azimuth and elevation of 
t he  vehicle were corrected by equations (B14) and ( B l 5 )  i n  appendix B, and the  
true subtense angles were found f o r  t he  assumed values of A similar pro- 
cedure w a s  used fo r  the  polar  method. 

p i .  

The coordinates of the or ig in  of t he  datum and the  radar s t a t ion  and the  
e r rors  i n  the  datum are  given i n  t a b l e  I .  For simplicity,  t he  vehicle w a s  
assumed t o  be moving away from the  ea r th  a t  a constant elevation of ap-proxi- 
mately 57017'44.8'' and azimuth of 225O. 
t i a t e d  when 

Observations were assumed t o  be i n i -  

p i  = o.oo 

and 

Rsv = 200 000 meters 

where p i  w a s  increased i n  s teps  according t o  the  r e l a t ion  

- 3-t - p i  + - 
p i + l  100 

whereas R,, was increased i n  increments of 200 000 meters. One observation 
w a s  assumed t o  be taken for every new value of pi and Rs.. I n  t a b l e  I1 the  
resu l t ing  angles and residuals  are given f o r  t he  assumed t r u e  and approximate 
subtense and polar  methods f o r  each geocentric l a t i t u d e  and longitude. F i f t y  
observations were taken and a solut ion was found a f t e r  each, beginning with the  
f i f t h  observation. 
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TABLE 11.- TRUE AND APPROXIMATE SLTBTENSE AND POLAR ANGLES AND THE COmSPONDING RESIWAL? FOR THE TEST CASE 

0.56594264 
.55480848 
.54416163 
,53397802 
.52423424 
.51490762 
.50597644 
.49741994 
.48921833 
.48135288 

.47380581 

.46656035 

.459&&6 

.45291182 

.44647975 

.44029124 

.43433382 

.42306611 

.41259096 

.40762655 
,40283257 
.39820085 
.39372376 

.j8520498 

.42859579 

.41773441 

.3ag39401 

.38115006 

.36973146 
,36615597 
.%e68757 
,35952167 
.35605398 
.35288040 
,34979706 
.34680028 
,34388659 
.34105268 

.33829541 

.33561179 

.33299901 

.33045435 
,32797527 
.32555931 
,32320416 
.32090760 
.31866752 
.31648193 

6 541.37880 
6 7E.47816 
6 885.13547 
7 059.23635 
7 234.67654 
7 411.36098 
7 589.20282 
7 768.12243 
7 948.04716 
8 ~ 8 . 9 1 0 1 8  

8 310.65023 
8 4gj.ziioj  
a 676.5ba5 
8 860.59189 
9 045.32015 
g 250.68488 
9 416.64851 
9 603.17636 
9 790.23612 
9 977.79799 

i o  165.83383 
10 354.31826 
10 543.22684 
10 732.53739 
10 922.22905 
11 i~?.28216 
11 302.67847 
11 493.40105 
11 684.43394 
11 875.76199 

12 067.3712) 
12 259.24861 
12 451.38156 
12 643.75854 
12 836.368% 
13 029.20127 

13 415.49623 
13 608.94072 
13 802.57201 

13 222.24689 

13 996.38247 
1 4  190.36460 
14 384.51171 
1 4  578.81689 
14 773.27418 
14 967.87151 
15 162.62126 
15 357.50020 
15 552.50907 
15 747.64323 

Amroximate 

1.33965063 

1.17941563 

1. 03226408 

1.24795322 

1.123l2724 
1.07481548 

.99414064 

.87171028 

.a4651871 
j A??95781 
.80084630 
.7800j308 
.76039049 
.74180942 
.72419570 
.70746735 
.69155248 

.67638758 

.66191624 

.64808811 

.63@5798 

.62218514 

.6100327j 

.59836731 

.58715840 
,57637817 
. 5 6 6 0 0 1 ~  

,55600384 
.54636475 
.5376396 
.52808310 
.519405E 
.51101422 
,50289571 
.49503592 
.48742210 
.48004235 

.47288556 

.46594132 

.45919986 

.45265204 
,44628929 
.44010350 
.434087U 

,42253428 
.41698475 

.42823295 

rad ians  

True 

1.33965151 
1.24795581 
1.17941847 
1.12312990 
1.07481781 
i.oj226598 

.99414209 

.959%720 

.92792299 

.a7170984 

.84651781 

.780030a5 

.7603a783 

.74180634 

.70746349 

.69154823 

.67638295 
,66191126 
.64808278 
.6jM52ji 
.62217914 
.61002643 

,57637100 

.a9875344 

.a2295645 

.&Q84450 

.72419222 

.59836070 

.58715151 

.56599369 

.55599616 

.54635683 

.53705583 
,52807475 
.51939657 
.51100550 
.50288682 
,49502688 
.4874lZ92 
.48oojjo6 

.47267616 

.46593182 
,45919028 

.44009376 

.43407734 
,42822316 

.452642& 
,44627978 

.42252450 

.41697498 

En  .i 

.e3209582 

.19020476 

.I4475538 

.09775206 

.05027029 

.00291677 

-.04395416 - .og01jo1g - .13548l22 
- .179925&7 - .e2340959 - .e6589677 
-. 30735944 
- .34777488 

-.42538246 
-.387~?253 

- .46253444 - ,49855760 
-.53343026 
- .56713004 

-.63091897 
- .66096170 

-. 59963401 

- ,68973931 
- ,71722952 - .74341100 

-.76826362 

- ,83467103 

- .a7200791 
- ,882356524 
-. 90570756 
-.9174326j 
-.92974l26 

-. 9463716 

- .95822m 

- ,79176875 - .81390952 

-.85404059 

-.95OE715 

- .%493241 
- .970277Q3 - ,97427444 
- .97694713 

- .976423jl 
- .97728717 

- .97832064 

Approximate 

0.79708833 
.a7816855 
.93747975 
.98578345 

i.&j99216 
i.09728131 

1,15647264 
1.18332969 

1.20878971 
1.23307787 
1.25636923 
i. 27fX022 j 

i.321516-6j5 
1.34196140 

1.38133509 

1.02724484 

1.12792277 

1.30048792 

1.36188406 

1.40035701 

1.41898553 
1.43725084 
1.45517644 
1.47279003 
1.49010399 
1.50713594 
1.52389914 
1.54040478 
1.55666232 
1.57267968 

i.60401905 
1.61935084 
1.63446228 
1,64935607 
1.66sO3L10 
1.67849769 

1.70678383 
~ . 7 ~ 6 0 6 3 0  

1.74760655 
1.76078182 

i.7989&60 
1.81127362 
1.82333237 
1.83515994 
1 . 8 W 5 3 3 3  

1.58846346 

1.69214753 

1.73421423 

1.77513831 
1 . 7 ~ 3 9 9  

Q'n,i, r ad ians  

True 

0.79711264 

.93750010 

.87819012 

.98580305 
1.02726388 
1.06401077 
1 .o9729955 

1.15649031 

1. 20880695 

+. 25638612 
A. 27881896 
1.30050449 
1.32153280 
1.34197772 
1.36190024 
1.38135116 

l.l.2794071 

1.18354714 

1.23309492 

1.40037294 

1.419OO134 

1.45519397 

1.49011922 
1,50715101 
1.52391402 
1.54041949 

1.57269400 

1.43726650 

1.47280541 

1.55667685 

1.58847755 
1.6040j290 

1.64936915 
1.66404691 
1.67851020 
1.69275974 
1.70679512 
1.72061785 

1.73422544 
1.74761741 
1.76079232 

1.61936446 
1.63447565 

1.77374844 
1.78648375 
1.7999597 
1.81128262 

1.83516817 
1.84676115 

1 .a2334097 

En,i 

0.24315266 x 
.21578650 
.203557@ 
.I9593453 
.1940743 
.it3605854 
.la246851 
.17941519 
.17676648 
.I7443574 

.17236107 

,16879836 
.16723843 
,16578592 
.16441452 
.16310018 
.16182072 
.16055561 
,15928581 

.I5799372 

.1566630g 

.I5527905 

.15382803 

.15229783 
,15067755 
.14895761 
,14712917 
.14518707 
.14312386 

.1@93579 

.13&1977 

.I3617394 

.13359768 

.13089154 

.12509756 

.le201642 

.11881872 

.17049487 

.12805722 

.11551031 

.11209795 
,10858925 
.io499261 
.101~1~10 
.09757244 
.09316891 
.08991726 
.0&02865 

.07818659 

.08211453 

RESULTS AND DISCUSSION 

I n  f igure  3 t h e  f ive  a r b i t r a r i l y  defined constants of the  datum are  p lo t t ed  
a s  a function of t h e  number of observations. The r e s u l t s  f o r  both t h e  subtense- 
angle case and the  polar-angle case a re  shown. 

For both cases t h e  r e s u l t s  converge t o  t h e  t r u e  values quickly, a s  i s  
expected. Theoretically,  since no random errors  have been assumed t o  ex i s t ,  
convergence should be instantaneous. However, because of cer ta in  approxima- 
t i o n s  and computer noise,  instantaneous convergence will not r e su l t .  O f  t he  
two methods, t h e  polar-angle method appears t o  give the  b e t t e r  r e su l t s .  
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P o l a r  ang le  

Subtense  a n g l e  
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Figure 3.- Calculated change i n  datum f o r  polar-angle  and subtense-angle observat ions as a 
funct ion of i nc reas ing  observat ions f o r  a t es t  case.  
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Aq0, radians 

-0.14433988 x 

-.12143458 

One pecul ia r i ty  i s  noticed i n  t h e  case of t he  subtense angle. A sharp 
spike occurs i n  these curves a t  t he  s ix th  observation and i s  most pronounced 
i n  the  eo curve. This oddity i s  not t he  resu l t  of computer noise.  

ams, m e t e r s  

4.3626973 

-7.8855827 

There a re  two possible reasons f o r  t he  spike e f f ec t .  One i s  a poorly con- 
dit ioned matrix, and the  other i s  a possible breakdown i n  t h e  equations a t  t h e  
s ix th  observation f o r  t h i s  example of t he  subtense case. 

Aa, m e t e r s  Af 

A deta i led  study t o  determine which poss ib i l i ty ,  i f  e i the r ,  i s  reasonable 
i s  beyond the  scope of t h i s  paper. However, two cases were run t o  determine 
the  e f f ec t  on the  spike of increasing t h e  number of instantaneous observations 
a t  a given point.  One case assumed 20 instantaneous observations, and the  other 
assumed 200 instantaneous observations a t  each point.  The spike disappeared i n  
the  l a t te r  case and w a s  s t i l l  present i n  the  former. Since EO diacrepmcies  i n  
t h e  remaining determination a re  noted, the  spike e f f ec t  w i l l  not be discussed 
fur ther .  

AEo, radians 

It w i l l  be reca l led  t h a t  i n  the  derivations which preceded t h i s  section, 
8as was considered t o  be a var iable .  I n  r e a l i t y  the  maximum value of €jaS i s  
approximately 12' of a r c  a t  4 5 O  l a t i t ude  and should remain r e l a t ive ly  constant 

f o r  a small change i n  l a t i t ude  t h a t  i s ,  

To determine the  e f f ec t  of 
which w a s  first assumed t o  be a constant by equating i t s  p a r t i a l s  t o  zero 
and then a var iable .  Further,  t h e  approximations 

( x 0 when AaS i s  small . 1 
&#, on a determination, two cases were r u n  i n  

s i n  qS x 86, 

-71.126503 

-221.53143 

were assumed va l id  i n  both cases. The resu l t s  are shown i n  t ab le  I11 f o r  t h e  
f i r s t  determination of each case only, since it i s  representative of t h e  
remaining determinations. 

-0.10408976 x 3.4794727 X lo-! 

- .14628869 .51204351 

TABLF, 111.- CALCULATED CHANGE I N  DATUM FOR TWO CONDITIONS OF &#JS 

A s s u m p t i o n  

ti@s = C o n s t a n t  
S in  t j#s  = t j#s 

cos 8as = 1 
S#, = V a r i a b l e  
Sin = tjas 

cos &#Js = 1 
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When the r e s u l t s  of t a b l e  I11 a re  compared with the  desired r e su l t s  given 
i n  table  I, it i s  seen t h a t  
was not expected, since 8as i s  so  small and increases slowly. When Sas w a s  
considered t o  be constant t h e  r e su l t s  were unacceptable although systematic. 
When approximations f o r  the  s ine and cosine of 8as were subst i tuted f o r  t h e i r  
t r u e  values, t he  r e s u l t s  were considerably b e t t e r  although not a s  accurate a s  
hoped for. A s  a r e su l t ,  it i s  concluded tha t  f o r  best  r e su l t s ,  8@s cannot 
be assumed constant, and it i s  necessary t o  use the  t r u e  s ine and cosine of 

S& has a large influence on t h e  r e su l t s ,  which 

i n  the  methods of t h i s  paper. 

Since it has been intended t o  show tha t  t he  method i s  mathematically fea- 
s i b l e  and t o  show some of the conditions under which best  r e s u l t s  a re  obtained, 
r e su l t s  discussed thus f a r  were computed i n  double precis ion on an e l e c t r i c  
data processing machine. Although it i s  not t h e  purpose of t h i s  paper t o  do a 
s t a t i s t i c a l  analysis  of a p r a c t i c a l  appl icat ion of the  method, it was decided 
t o  generate some random numbers which could be added t o  the  observed angle fo r  
the  polar method. Thus, it could be determined i f  the  method w i l l  converge o r  
not with a large standard deviation of measurement. 

The variance of the  subtense angle i s  given by the  re la t ion  

where u12 i s  the variance of the instrument and the  variance of t he  horizon 
uncertainty i s  given by the r e l a t ion  

(from ref .  9 ) .  For t he  case of the  polar  angle, the  r e l a t i o n  f o r  aH d i f f e r s  
from that  f o r  the  subtense angle i n  t h a t  

sion for  b#n,i/%,i 

aH2 must be mult ipl ied by t h e  expres- 
(see eq. ( 2 7 ) )  t o  s a t i s f y  t h e  condition t h a t  aH be a 

minimum for pi = - II radians and f o r  pi = - 3 II radians.  After  a r e l a t ion  f o r  
2 4 

the  variance of the  polar angle has been determined, random numbers can be 
generated for the  purpose of t e s t i n g  the  convergence of t h e  method. 

The case t e s t ed  was i d e n t i c a l  t o  the  one used throughout t h i s  paper with 
two exceptions. F i r s t ,  t he  incremental increase i n  Rsv was reduced t o  
2 kilometers to keep E,, small. Secondly, t he  azimuth AZg,n and eleva- 
t i o n  yn were increased i n  s teps  of radians.  The incremental changes 
for each variable were applied simultaneously, and one observation w a s  assumed 
for each point i n  space. 
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The t e s t  case was computed f o r  two instrument variances. I n  both cases, 
t he  horizon uncertainty H was assumed t o  be 1.6 kilometers. For the  f i r s t  
case, UI was taken t o  be 5 X 10-7 radians, and f o r  t he  second case, a1 was 
3 x 10-4 radians. 
of 0.1' of a r c . )  

( I n  ref. 10, a horizon scanner i s  described with an accuracy 

Result of 
instrument error, 

radians 

The r e s u l t s  i n  both cases were encouraging i n  t h a t  t he  sigmas fo r  each 
unknown do, i n  f a c t ,  converge. However, convergence w a s  slow. The r e su l t s  f o r  
both cases i n  which 30 000 observations were taken a re  shown i n  t ab le  IV. It 
should be noticed t h a t  t h e  standard deviations f o r  Af, eo, Avo, and A6No 
are s t i l l  l a rge r  than the  desired values ( tab le  I) .  

Aa, meters M eo, radians Aqo, radians A6N0, meters 

TABLE IV.- LEAST-SQUARES ESTIMATE AND STANDARD DEVIATION FOR 30 coo OEERVATIONS 

Estimate 
5 x 10-5 

U 

I Standard deviation I I I I I I 

-0286.20804 -0. 2 2 3 4 5 9 1 8 ~ 1 0 ~ ~  0.06674523~10-3 -0.05669926~10-~ 0190.94084 

0069.21024 0.09471739~10-~ 0.1143268a(io-~ 0.16108228x10-~ 0124.95359 

Estimate 

U 
5 x 10-4 

-0512.92349 0.0338051u(10-4 -0.2632151a(10-3 0.08405173~10-~ 0069.04514 

0388.95248 0.47378258~10-~ 0.43793034x10-~ 0.51414847~10-~ 0348.57976 

The r e s u l t s  discussed here do not by any means cons t i tu te  a complete e r ro r  
analysis  of t he  method. 
from more than one radar s t a t ion .  
observations a t  each space point will a f fec t  the r a t e  of convergence. 
r e s u l t s  do, however, demonstrate t h a t  t he  answers will converge fo r  large var- 
iances i n  the  observations when suf f ic ien t  data have been col lected.  

No e f fo r t  has been made t o  incorporate observations 
Further,  it i s  not known how multiple horizon 

The 

CONCLUDING FBMARKS 

A theo re t i ca l  method which can be used t o  derive an earth-centered goedetic 
datum has been derived and t e s t ed  by mathematical simulation. 
t i c a l  appl icat ion of t h e  method must necessarily include instrument e r rors  and 
correct ions f o r  re f rac t ion  and aberration, i n  t h i s  simulation such er rors  and 
correct ions w e r e  omitted. 

Although a prac- 

The r e s u l t s  of t he  simulation for  a test  case proved it t o  be mathemati- 
c a l l y  feasible. Further,  when large variances i n  the  observations were assumed, 
t he  method w a s  found t o  converge, although slowly. 
t i c a l  studies of the  method a re  desirable.  
Of t he  required re la t ions  may have application i n  other  areas  of research - 

Even so,  addi t ional  statis-  
A s  f o r  immediate usefulness, some 



. 
such as, accuracy penal t ies  resu l t ing  from assuming the  ear th  t o  be spherical  
ra ther  than oblate i n  navigation schemes and horizon - uncertainty s tudies .  

Tes ts  conducted t o  determine i f  t he  difference between t h e  geodetic and 
geocentric l a t i t udes  could be considered t o  be constant f o r  small changes 
i n  la t i tude  and su f f i c i en t ly  small t o  allow i t s  s ine and cosine t o  be approxi- 
mately 69, and 1, respectively,  gave unacceptable r e su l t s .  When t h e  t r i g o -  
nometric functions were approximated only, the  r e s u l t s  were acceptable although 
the  accuracy was not a s  good as  hoped fo r .  It i s  therefore concluded t h a t  f o r  
best resu l t s ,  no approximations can be made i n  6@,, but acceptable r e s u l t s  can 
be obtained by approximating the  trigonometric functions of Sas only. Final ly ,  
under no conditions, could 6Pls be considered constant. 

Langley Research Center, 
National Aeronautics and Space Administration, 

Langley Stat ion,  Hampton, V a . ,  December 10, 1965. 



APPENDIX A 

DERIVATION OF a 

A s  explained i n  the  t e x t ,  if a s a t e l l i t e  i s  assumed t o  be located a t  a 
point Vn 
pheric re f rac t ion)  a point T i  
angle %,i i s  given by t h e  functional re la t ion of equation ( 4 ) .  Furthermore, 
i f  t h e  ear th  i s  assumed t o  be a smooth oblate e l l i p so id ,  t he  l i n e  of s ight  
VnTi i s  tangent t o  the  ea r th  a t  T i  and perpendicular t o  the  normal N i .  
These two assumptions are the  bas i s  f o r  t he  derivations which follow. 
t i on ,  t he  vehicle i s  considered t o  be frozen i n  space with respect t o  t h e  ear th ,  
since s,i 

i n  space and i f  by some su i tab le  opt ica l  means (assuming no atmos- 
on the  vis ible  horizon i s  observed, the  subtense 

- 
I n  addi- 

i s  independent of longitude as w i l l  be shown subsequently. 

Consider figure A - l  i n  which X, Y, and Z a re  the  axes of a right- 
handed, earth-centered, earth-fixed, rectangular Cartesian coordinate system 

vn 

- - _ _  

-Y 

X 
Figure A - 1 . -  Geometrically determined longitude of a point on earth's 

visible horizon relative to location of a satellite. 
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APPENDIX A 

where the Z-axis i s  p a r a l l e l  with the  ear th ' s  spin ax is ,  the  X-axis i s  p a r a l l e l  
with the in te rsec t ion  of t he  Greenwich meridian and the  equator ia l  planes, and 
the  Y-axis completes a right-handed system; h i  and %,-, a re  the  longitudes 
of T i  and Vn, respectively,  and a r e  conventionally measured from the  
Greenwich meridian pos i t ive  i n  the  eastward direct ion;  $i 
tude of T i  conventionally posi t ive north from the  equator ia l  plane; r i  and 
r 
t i ve ly ;  the  plane TiVnI i s  tangent t o  t he  e l l i p so id  a t  T i ;  and N i  i s  the  
normal t o  the  e l l i p so id  a t  

i s  the  geodetic l a t i -  

are r a d i a l  distances from the  ear th ' s  spin ax is  t o  T i  and Vn, respec- v ,n 

T i .  

From f igure  A - 1  

N .  = 
cos gi 

E i , n  = Zv,n - Z i  

and 

-2 VnTi = r2 + ( N i  s i n  $i - Z i  + Zv,n)2 - N i  2 v,n 

From t he  law of cosines, 

Thus, a f t e r  subs t i tu t ing  equations ( A l )  and (A2) i n t o  (A3)  and the  r e su l t i ng  
expression i n t o  ( A h ) ,  t he  r e s u l t  reduces t o  

~ BQt 

and, from f igure A - 1  

' =i t a n  Bi = - 
'i 
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Theref ore,  

and, a f t e r  subs t i tu t ing  i n t o  equation ( A 5 )  and factoring, 

From figdye A-1, 

2 2 2  ri = xi + yi 

But, f romthe  equation of an oblate spheroid, 

Therefore, when equations ( A 7 )  and (A2) a re  subst i tuted i n  ( A 6 )  and the  r e su l t s  
reduced 

It i s  convenient here t o  define t w o  addi t ional  coordinate systems, 
X ' , Y ' , Z '  and X t t , Y " , Z t t ,  which a re ,  a l so ,  right-handed, rectangular,  and 
Cartesian. A s  shown i n  f igure A-2, t he  X ' , Y ' , Z '  system i s  earth-centered and 
the  Z'-axis i s  p a r a l l e l  t o  t he  ea r th ' s  spin ax is  and pos i t ive  north, which i s  
equivalent t o  the  Z-axis of t he  X,Y,Z system. The Y'-axis l i e s  i n  the equa- 
t o r i a l  plane and p a r a l l e l  with the  intersect ion of the  vehic le ' s  meridian and 
t h e  equator ia l  plane and i s  posi t ive i n  Cne direct ion of t h e  s a t e l l i t e -  The 
X'-axis completes the  right-handed system. The X" ,Y" ,Z" coordinate system 
i s  vehicle-centered and - defined i n  such a manner t h a t  t he  Ytt-axis is p a r a l l e l  
t o  t he  radius vector Rv,n and posi t ive i n  the  same direct ion a s  Rv,n; t he  
Ztt-axis l i e s  i n  the  plane - of observation normal t o  t he  Y"-axis, posi t ive i n  the 
pos i t i ve  d i rec t ion  of Dn,i and p i  degrees clockwise from the  meridian of 
t h e  vehicle;  and the  X"-axis completes the  right-hand system. 

i n  the  X,Y,Z v,n The coordinates of the  s a t e l l i t e  x ~ , ~ ,  yv n, and z 
system become 0, rv,n, and zv,-, i n  t he  X ' , Y i , Z '  system where 
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Z' 
A 

/ 

R 
v, 

r Y' 

and t he  coordinates of t he  point  of tangency 
Further,  since the vector  k,i ( E ~ , ~  = V,T~ i n  
s a t e l l i t e  and terminates a t  t he  point  T i  on t h e  
nates  of T i  can be expressed i n  terms of D n , i  

T i  - -  

x; = 0 

32 

~~ ~~ 

J 
X' 

Figure A-2.-  A n  o p t i c a l  observat ion r e l a t i v e  t o  a s a t e l l i t e -  
centered coordinate system. 

t become x i ,  y f ,  and 
f i g .  A-1) or ig ina tes  
v i s i b l e  horizon, t he  
and %,i as 

z i .  
a t  t he  
coordi - 



Thus, from f igure  A-2 

or 

and, since 

2 1  ' = ri cos Mi = - a -(b2 - zvYnzi) 
Y i  b2 rv,n 

equation (A9) becomes 

,nzi  - $) 
Furthermore, by the  cosine l a w ,  

2 which, upon subs t i tu t ing  equation (All) f o r  %,i and solving f o r  D n , i ,  
reduces t o  

t To f i n d  x i ,  yi, and zi, f i rs t  ro ta te  t he  XfcYY",Z" system about t he  

I n  
Y " - a X i s  through the  angle 
the  angle 

p i ,  then r o t a t e  t h i s  system about t he  X"-axis through 
@;, and, f i n a l l y ,  t r a n s l a t e  the  or igin t o  the  ear th ' s  center.  
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matrix notation 

and 

xi f -  - -Dn, i  s i n  an i s i n  p i  

y; = -~,,i(Cos %,i cos $i,n + s i n  , i cos p i  s i n  #;,n) 

zi - - - ~ ~ , i ( c o s  % s i n  $;,n - s i n  cos pi cos #v,n 

9 

( A 1 3  1 

9 I 

Substi tuting equation ( A 1 2 )  f o r  D n , i  i n  t h e  expression f o r  zi and 
z i  y i e lds  solving f o r  

z i  = 

which i s  t h e  desired equation. 

From f igure  A-2 ,  
- - 
%,n X R i  = P R ,  ,n 1 R-  s i n  T ~ , ~  

where p’ i s  a u n i t  vector normal t o  t h e  plane formed by Q , n  and T i -  Thus, 
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which, after substituting the rectangular representations of and Zi, ,n 
becomes performing the indicated operations, and solving for sin 2 vi,n 

Now, by the sine law, 

sfn 2 %,i 
Ri 2 2  sin vi 

9 

2 
Dn,i 

Thus, 

Substituting the identities 

Z v,n = q,n sin G,n 

1 2 - _  a -  
b2 (1 - f)2 

and rearranging the terms gives 
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When equation ( A 1 4 )  i s  subs t i tu ted  f o r  z i  i n  eqcation ( A l 5 )  and the  
r e s u l t s  a r e  reduced and rearranged, an equation of the  form 

A n , i  t an  2 %,i + Bn,i t an  i + C n , i  = 0 9 

where 

B n y i  = 

1 
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is obtained. The desired expression f o r  is, therefore, ,i 

The positive sign is chosen so that %,i is a minimum when Pn,i is zero. 
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AN ERROR EQUATION FOR a 

I n  t he  section e n t i t l e d  "Assumptions and General Theory," the  general 
expression f o r  t he  e r r o r  equation of alpha (eq.  (13)) was derived, and i n  
appendix A ,  t he  expression fo r  F was derived. To complete the  solut ion of 
equation (l3), it i s  necessary t o  derive f i r s t  t he  expressions f o r  t he  func- 
t i ons  0 ,  A, and P so t h a t  t h e  proper p a r t i a l  der iva t ives  f o r  determining 
the  coeff ic ients  of equation (11) can be obtained. 

The p a r t i a l  der ivat ives  of Qi, A, and P a r e  unwieldy when no form of 
generalization i s  u t i l i z e d .  
d i f fe ren t ia t ion  of individual  expressions will be indicated only i n  t h i s  sec- 
t i o n .  The reader i s ,  therefore ,  re fe r red  t o  appendix C fo r  t he  necessary alge- 
b ra i c  expressions which r e s u l t  from the  p a r t i a l  d i f f e ren t i a t ion .  

I n  an e f f o r t  t o  generalize,  the  necessary p a r t i a l  

Before Qi, A, and P can be derived, it i s  necessary t o  decide what 
method w i l l  be used t o  f i x  the  posi t ion of t h e  satel l i te .  Because of t h e  high 
accuracy obtainable, radar w a s  chosen f o r  t h i s  paper. 

There a re  several  techniques for f ix ing  the  instantaneous pos i t ion  Gf a 
space vehicle by radar observations i n  use today. 
discuss each technique and i t s  individual  appl icat ion t o  the  theory of t h i s  
work, the conventional measurements of range 
elevation above the  horizon yn are taken t o  be observables. 

Since it i s  impractical  t o  

R,,,,, azimuth Azg,n, and the  

Of the  three observables l i s t e d ,  only the  range i s  independent of t h e  
def lect ion of the  v e r t i c a l .  The dependence of A z ~ , ~  and yn on the  compo- 
nents of t he  def lect ion of t he  v e r t i c a l  will be shown subsequently i n  t h i s  
sec t ion ,  

The r e l a t ions  of equation (6)  can be rewri t ten as  follows: 
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The p a r t i a l  der ivat ives  of a,  A, and P with respect t o  the  range a re  zero, 
a s  explained previously i n  the  t e x t .  

Thus, t he  rectangular coordinates of the  radar s t a t ion  i n  the  X,Y,Z 
coordinate system a re  

xs = (Ns + hs)cos fis s in  hs 

ys = (Ns + hS)cos fis COS hs 

and 

a Ns = - 
WS 

i 
sin "4 

i s  the  expression fo r  t he  magnitude of the normal t o  the  e l l i p so id  where 

W: = 1 - (2f - f*)sin 2 fis 

(ref.  1). Therefore, 

where 

2 f - f  2 2  = e  

i s  the  r e l a t ion  between t h e  geocentric and geodetic l a t i t udes .  

The t o t a l  d i f f e r e n t i a l  of equation ( B 3 )  i s  

df + - aNs dfis 3% da + - 3% ws = - 
aprS aa. af 

and t h a t  of (B4) i s  

Thus, a f t e r  subs t i tu t ing  equation (B5)  i n to  (B6) and co l lec t ing  coef f ic ien ts  of 
l i k e  terms 
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I n  f igure  B-1, t he  r e l a t i o n  a t  the  radar s t a t i o n  ( o r  s i t e )  s - of t h e  nor- 
m a l  t o  t h e  e l l i p s o i d  Fs, the  geocentric radius vector of the  s i t e  Rs, and the  
range vector Rsv,n i s  shown. (The arrowheads ind ica te  pos i t ive  d i rec t ions  of 
t he  vectors . )  The vectors Ns and Esv,n a r e  i n  the  plane of t he  paper so 
- that the l i n e  segment 
Ns and a r e  i n  the  meridian plane. 

- 
- 

s H  represents  t he  plane of the  horizon and the  vectors  

I f  s i s  considered t o  be the  center of a u n i t  sphere, the spherical  
t r i ang le  DEF i n  f igure  B-1 can be formed where the  angle a t  D i s  

D = II - A z ~ , ~  

t he  angle a t  E i s  the  spherical  azimuth of the  s a t e l l i t e  Azs,n, and sas i s  
given by the  r e l a t ion  

816s = #s - #; 
Thus, from the cosine law f o r  spher ica l  t r i ang le s ,  

s i n  7; = COS ti#s s in  7, - s i n  616, COS yn COS A z ~ , ~  0 9 )  

and from the  law of s ines  

COS Yn 
s i n  Az,,, = s i n  A z ~ , ~  

cos y '  n 

The t o t a l  d i f f e r e n t i a l  of equation (Bg)  i s  

and t h a t  of (B10) i s  

40 



APPENDIX B 

Mer id i an  of s t a t i o n  

N 
s 

Figure B-1.- Relat ion of geodetic azimuth and e leva t ion  t o  equiva- 
l e n t  spher ica l  azimuth and e leva t ion .  

After  subs t i t u t ing  equation (B11) for  dy; i n  ( B 1 2 ) ,  

AS s t a t e d  previously, Azg,n and yn a re  not independent of the de: 
t i o n  of the  v e r t i c a l .  I n  reference 1 it i s  shown t h a t  
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The normal t o  the  bes t  f i t t i n g  e l l i p so id  w i l l  be def lected AT) sec of a r c  
i n  the meridian of t h e  normal t o  the  o ld  e l l i p so id  and & see of a r c  i n  the  
prime v e r t i c a l .  
dy, which will r e s u l t .  

It i s  now desired t o  determine the  change i n  the elevat ion 

Since the  var iables  involved are a r c s  and w i l l  be measured a t  the  common 
origin s 
l e m  t o  be solved. The angle included by the  a rcs  AT) and & i s  a r igh t  
angle. Thus, since AT) and 4 a re  small, the  change i n  the  def lect ion of 
t he  ve r t i ca l  v can be wr i t ten  as 

( the  radar  s t a t i o n ) ,  f igure  B-2 represents t he  geometry of the  prob- 

Me rid i a n  

Figure B-2.- E f fec t  on e l eva t ion  r e s u l t i n g  from a change i n  de f l ec -  
t i o n  of t h e  v e r t i c a l .  
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Further,  the l a w  of cosines gives 

cos[$ - (7, + dyn)] = cos($ - Yn)COS v + sin v s i n  (s - Yn)cos(Azg,n - P) 

which reduces t o  

s i n  yn + dyn) = s in  yn COS v + s i n  v COS 7n COS AZg,n COS + s in  *Zg,n s i n  P) ( ( 

I n  reference 1, & and Aq a re  re lated t o  the  corresponding changes i n  
l a t i t u d e  and longitude by the  expressions 

A71 = 4 s  

( I n  ref.  1, 4 and Aq are defined t o  be posi t ive i n  direct ions opposite t o  
those used here. Thus, t he  signs i n  the  above expressions must differ  from 
those i n  the  reference.)  Thus, since v i s  small and dyn will be small, 

dyn = COS A z ~ , ~  d#s + s i n  A z ~ , ~  COS pIS dhs (SI5 1 

For expediency, t h e  coeff ic ients  of d& and as i n  equations (B14) 
and ( B l 5 )  a r e  defined as 

Thus, 
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and 

By Lzfin 

Thus, 

t ion 

SBS = @s - 

and, a f t e r  subs t i tu t ing  equation ( B 7 )  f o r  d#L 

Finally,  subs t i tu t ing  equations ( B 1 9 ) ,  (s18), and (B17)  i n to  (B11) and 
( B l 3 )  and col lect ing coef f ic ien ts  of l i k e  terms give 

where 

and 

44 



APPENDIX B 

where 

The rectangular coordinates of the radar s t a t ion  a r e  given i n  terms of the  
geodetic l a t i t ude ,  longitude, and s ta t ion  height by equation (B2). 
tangular coordinates a re  given a s  functions of spherical  coordinates by 

The rec- 

xs = R, cos $E; s i n  

ys = Rs COS @ A  COS As i zs = R, s i n  @ A  
I f  t he  xs coordinates of equations (B2) azd (324) .re eqx.t.edi t he  

r e su l t i ng  expression solved f o r  Rs would be 

The same expression would r e su l t  with the  ys coordinate. The zs coordinate 
would, however, give a d i f fe ren t  expression f o r  
would be t h e  same. 

R,, but t h e  numerical value 

The t o t a l  d i f f e r e n t i a l  of Rs i s  



APPENDIX B 

Since dNs and d/6: are given by equations (B5) and (B6), respect ively,  a f t e r  
subs t i tu t ing  i n t o  equation (~26) and col lec t ing  the  coef f ic ien ts  of l i k e  terms, 

Consider f igure  B-3 i n  which t h e  polar  t r i a n g l e  (NP)(V;,,)(s) i s  formed 
by the in t e r sec t ion  of t he  meridian planes of t h e  radar  s t a t i o n  and vehicle and 
t h e  plane containing the  geocentric r a d i i  of t he  vehicle and the  radar  s t a t i o n  
with a sphere of  radius  R,. The angle a t  NP i s  

Earth 

F i g ~ e  E-3.- Spherical  coordinates  of a sa te l l i t e  r e l a t i v e  t o  a 
radar s t a t i o n .  



APPENDIX B 

and t h a t  a t  s i s  the  spherical  azimuth A Z ~ , ~  of the  s a t e l l i t e .  Further, 

t h e  a rcs  NPs and a re  
n 

and 

The a rc  i s  defined a s  O n  and, from t h e  plane t r i ang le  of f i g -  
ure B-3, it i s  seen t h a t  

Rsv,n COS 7; 
t an  8, = 

Rs + Rsv,n s in  7; 

Since the  radar observation of range i s  considered herein t o  be e r ror less ,  t he  
t o t a l  d i f f e r e n t i a l  of 8n i s  

But, dy; i s  given by equation (B20) and dRS i s  given by (B27). Thus, a f t e r  
subs t i tu t ing  and col lect ing terms 

(Equation continued on next page) 
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Two addi t iona l  expressions which can be obtained from the  spherical  tri- 
angle of f igure  B-3 a r e  

s i n  @{,-, = cos 8, s i n  @ A  + s i n  8, cos @A cos A Z ~ , ~  ( B32 ) 

and 

The t o t a l  d i f f e r e n t i a l  of equation ( ~ 3 2 )  is 

and tha t  of ( B 3 3 )  i s  

The d i f f e r e n t i a l s  d@L, den, and dAzS,-, are given, respect ively,  by 

Therefore, a f t e r  subs t i tu t ing  i n t o  equa- equations ( B 7 ) ,  (B3O),  and ( B 2 2 ) .  
t i o n  (B34) and co l lec t ing  coef f ic ien ts  of l i k e  terms, 

where 
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Before the  functional coef f ic ien ts  of t h e  h, ,n e r ro r  equation can be 
derived, it i s  necessary t o  r e fe r  t o  the  def ini t ion of Ahsv,,. By def in i t ion  

fisv,n = hv,n - As 

Thus, 

and 

a v , n  = a s v , n  + a s  (B39) 

After subs t i tu t ing  equation (B35)  i n t o  (B39), by a procedure s imilar  t o  
t h a t  fo r  deriving the  coeff ic ients  of d@$,n, 

dAv,n = G,n da + h;. df + g S , n  d#s + Ais,n dhs + h;ls,n a s  ( B40 1 

where 

To complete t h e  derivation of the  coefficients of equation (8),  an expres- 
s ion  i s  needed f o r  dRv,-,. From t h e  plane t r iangle  of f igure  B-3 
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But 

Thus, 

The d i f f e r e n t i a l  of equation (B43)  i s  

Now tha t  the coef f ic ien ts  fo r  equations (8) have been determined, it 
remains only t o  determine the  coef f ic ien ts  of (12) .  It will be reca l led  t h a t  
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= F = t an  + "'.-) Bn 4% iCn 

7 a n , i  

where A n , i  , B n , i  , and Cn ,i a re  given by equation ( ~ 1 6 ) .  A s  a r e s u l t ,  

which are the  desired expressions. 

The e r ro r  equation for i s  given in  a general form by equation (13). 
A s  s t a t ed  previously, the  coeff ic ients  of equation (13) a re  functions of those 
of (81 ,  (9)  and (12). 

In  t h i s  section the  coeff ic ients  of equations (8) and (12)  were derived 
as functions of indicated p a r t i a l  derivatives and a re  given i n  equations (B37) ,  
( B 4 1 ) ,  (B46) , and (B47). 
r e s u l t s  are given i n  appendix C .  
equations (B37) ,  ( B 4 1 ) ,  (1346) , and (B47)  , it  i s  required only t o  make neces- 
sary subs t i tu t ions .  

The indicated operations have been executed and the  
To obtain the algebraic expressions fo r  
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ANALYTICAL EXPRESSIONS FOR VARIOUS P A R T I A L  DERIVATIVES 

I n  the sect ion e n t i t l e d  "The Error Equation for a" the  coef f ic ien ts  of 
equations (8) and (13) were derived as f'unctions of p a r t i a l  der ivat ives .  I n  
t h i s  appendix the  p a r t i a l  der ivat ives  of those expressions on which the coef- 
f i c i e n t s  a r e  dependent w i l l  be given. 

The p a r t i a l  der ivat ives  of expressions ( B 3 ) ,  ( B k ) ,  (B9), (B10) , (B25) 9 

( B % 8 ) ,  (B32), ( B 3 3 ) ,  and (B43) are as follows: 

2 t an  cos @ A  NS - -  - -2(1  - f )  *; 
af N s  + hs 
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- -  - -Rs t a n  $s 3% 
@S 

- hen = -(L s i n  y, + aY; Rsv , n 

s i n  gS s i n  7, -i- COS 8gS COS yn 

&Z 
s ~ n  = t a n  A Z , , ~  t an  7; 

aY; 

&Z 
'jn = -tan AZ t a n  yn s ,n  ayn 

a's ,n t a n  cot 

@G,n - - s in  $: s i n  8, + COS $; COS t n  COS A Z ~ , ~  
- -  

cos 16' hen v,n 



. 
APPENDIX c 

m s v , n  = t an  MsVyn cot 9, 
3% 

The p a r t i a l  der ivat ives  given i n  equations ( B l 7 )  and (~18) are 

dAzg,n 
= s in  AzgYn t a n  7, 

- -  +n - cos AzgYn 
@S 

If the p a r t i a l  der ivat ives  of %,i with respect  t o  An,iy % , i y  and 
are  obtained and subs t i tu ted  i n t o  expressions (B47), t he  r e s u l t s  w i l l  Cn,i 

become 
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where 
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I F ina l ly ,  it can be s t a t ed  t h a t  s ince 

En,i = ~ ' ( d a ,  df, dG,,, %,n) 

and expressions f o r  dfi and dR a r e  given by equation (10) a s  functions of 
those r e l a t ions  given i n  (B37) ,  (B41), and (B46),  t he  coef f ic ien ts  of (13) can 
be readi ly  obtained. 
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COEFFICIENTS OF THE DE GRAAFF-HUNTER EQUATIONS 

The method of de Graaff-Hunter w a s  chosen over t h a t  of Vening Meinesz 
since it i s  simpler t o  work with. This method i s  given i n  reference 1 on 
pages 127-130 i n  t he  form most widely used. 

The accuracy of the  two methods i s  la rge ly  dependent upon dis tance from 
For shor te r  distances the  two methods will give t h e  or igin of the  spheroid. 

accuracies of 0.001" of a rc .  
of de Graaff-Hunter f a l l s  off  whereas t h a t  of Vening Meinesz w i l l  give accura- 
c i e s  of  0.001" of a r c  o r  be t t e r .  

For grea te r  distances,  the  accuracy of the method 

The form of the  de Graaff-Hunter equations as given i n  reference 1 i s  not 
sa t i s fac tory  f o r  t h i s  paper. 
To obtain it, the  equations were expanded, and the  corresponding coef f ic ien ts  
of the f ive  a r b i t r a r i l y  defined constants of a datum were col lected.  I n  so 
doing, it w a s  determined t h a t  by making ce r t a in  trigonometric subs t i tu t ions  the  
resu l t ing  coef f ic ien ts  can be simplified.  

The form of equation (9 )  i s  t h a t  form desired.  

Further, i n  reference 1 ENs and 6No were considered pos i t ive  when the  
new spheroid was above the  old. I n  t h i s  paper hs i s  pos i t ive  f o r  e levat ions 
above the spheroid. Since hs and 6Ns increase i n  opposite d i rec t ions ,  

Thus, t h e  expressions of t h e  de Graaff-Hunter equations giving the  change i n  
spheroidal height must be multiplied by a minus one. 

The coef f ic ien ts  of equation (9)  are as follows: 

cos us s i n  uo - s i n  us cos uo cos w)c La = ( a 

Lf = c s in  2us - s i n  us cos uo s i n  2 uo cos w - cos us s i n  u o b  + cos2uo)] [ 
L7 = c s i n  us s i n  w 

L! = -e s i n  us s i n  uo cos (I) + cos us cos u0) ( 
c ( s in  us cos uo cos w - cos us s i n  uo) 

a LF3N = 



L . 
APPENDIX D 

Ma = - [(l - %)see #s  cos uo s i n  w - 

Mf = -(l - 2) sec fis cos uo s i n G o  s i n  Lu 

M7 = -(1 - $)see #s  cos w 

I: 

ME = - (1 - +)see #s  s i n  uo s i n  w 

M ~ N  = [(l - %)set fiS cos uo s i n  

Sa = cos us cos w cos uo + s i n  us s i n  uo - 1 

sf = -a s i n  us s i n  u o ( l  + cos%,) - cos us cos w s i n  uo cos uo - s i n  us 

S 

2 ' 1  [ 
= -a cos us s i n  w 7 

S5 = - a ( s i n  us cos us - cos us s i n  uo cos o) 

S ~ N  = -(cos us cos w cos uo + s i n  us s i n  wo) 

' where 

c = (1 - %)(l + f cos2&) 

t a n  us = (1 - f ) t a n  #s  

t a n  uo = (1 - f ) t a n  BS 
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